The ability to create and manipulate the spatio-temporal potentials is essential in the diverse fields of science and technology. Here, we introduce an optical feedback trap system based on a high precision position detection and an ultrafast feedback control of a Brownian particle in the optical tweezers to generate spatio-temporal virtual potentials of the desired shape in a controlled manner. As an application, we study nonequilibrium fluctuation dynamics of the particle in a time-varying virtual harmonic potential and validate the Crooks fluctuation theorem in highly nonequilibrium condition.
In this article, we propose a simple and effective technique called the optical feedback trap (OFT) that, with a high precision position detection and ultrafast feedback control, can create a time-dependent mathematically-driven effective potential of ideally any desired shape and strength using optical feedback force. The basic operation of the OFT follows three crucial steps. First, a high precision measurement of the particle position in the optical tweezers is acquired. Second, the feedback force necessary for the generation of the virtual potential of the desired shape is computed. The feedback force is finally applied to the particle in the form of optical force via the ultrafast modulation of the trap center. We tested the creation of the virtual harmonic potentials of various stiffnesses at a fixed laser intensity and found that the dynamics of the particle in the virtual potential is very close to the real harmonic potential. We also created a virtual double-well potential whose barrier height and well depths can be modulated in a controlled manner. As an application of the OFT, we studied the nonequilibrium fluctuation dynamics of a particle in virtual harmonic potential where the stiffness of the potential was varied linearly with time (keeping the laser power fixed) to test the validity of the Crooks fluctuation theorem [22] for diverse processes ranging from near equilibrium to very far from equilibrium. Fig. 1 Schematic drawing of the optical feedback trap. The particle position that the PSD acquires is sent to the FPGA which calculates the force exerting on a particle for the given virtual potential, convert it to the voltage, and send it to the AOD to deflect the beam. BE: beam expander, DM: dichroic mirror, PSD: position sensitive device, M: mirror, AOD: acoustoptic deflector, FPGA: Field-programmable gate array.
Experimental setup
The schematic drawing of the OFT setup is shown in Fig. 1 . A laser (Cobolt Rumba) with 1064 nm wavelength is used for trapping the particle. The laser beam is incident on the acoustooptic deflector (AOD) (Gooch and Housego, AODF 4090-6) at Bragg angle, resulting in the maximum power output of the first-order diffracted beam. This beam is focused at the sample plane of an optical microscope (Olympus IX73) using a 100X oil immersion objective lens (Olympus, UPLFN100XO). A second laser (Thorlabs, BL976-SAG300) with 980 nm wavelength in combination with a neutral density filter (Thorlabs, NDUV10B) is used for detection of the particle position. The particle position is detected by a method based on the back-focal-plane interferometry [23] . Here, a condenser lens of high numerical aperture (NA 1.4) collects both scattered and unscattered detection laser light from the trapped particle and forms an interference pattern at the back focal plane of the condenser lens. The conjugate image of this pattern is projected onto the position-sensitive diode (PSD) (Pacific Silicon Sensor, DL100-7-PCBA3). The voltage signal acquired from the PSD is sent through a field programming gate array (FPGA) data acquisition board (National Instruments, NI PCIe-7851R) to convert the voltage to the real position of the particle and to determine the associated feedback force imposed by the virtual potential. The accuracy of the position measurement is about 1 nm. The FPGA board updates the tuning voltage that is needed for a shift of the laser beam center corresponding to above-determined feedback force. This voltage is applied to the AOD via the radio-frequency (RF) synthesizer driver (Gooch and Housego, AODR 1110FM-4) to steer the laser beam center. The particle position detection and application of the feedback are controlled via home-made software using LabVIEW programmed on the FPGA target. The trap stiffness is calibrated by two methods based on equipartition theorem and the power spectrum [24] . Fig. 2 Illustration of the protocol of the generation of a virtual harmonic potential. (a) A particle is assumed to be trapped in a virtual harmonic potential ( ) = 1/2 2 (blue dashed curve) of stiffness . (b) The PSD measures the particle position and the corresponding virtual restoring force = − (blue arrow) is estimated corresponding to the virtual potential. (c) The OT (red arrow) exerts the real feedback force = − ( − ) to the particle by shifting the potential center by the amount given by Eq. (1). Consequently, the particle moves as if it is in the real harmonic potential of stiffness .
The basic operation for the generation of a virtual harmonic potential of the desired stiffness is outlined in Fig. 2 . Initially, one can assume that a particle is trapped in the virtual harmonic potential centered at = 0, ( ) = 1/2 2 , experiences the virtual restoring force = − , where is the stiffness of the virtual potential. Note that there is no real spatial potential. In order for the particle to feel itself in the potential, the optical tweezers exert the equal strength of physical force ( ) = − [ ( ) − ( − )] to the particle by shifting the laser center position instantaneously by an amount
where is the feedback force delay time, which is defined as the time difference between the position measurement ( ) and the actual application of the feedback force ( ), and ≡ −(1 − / ) is the feedback gain. Consequently, the particle moves as if it is in the real harmonic potential of the stiffness . The motion of the particle in this feedback trap can be described by the modified overdamped Langevin equation
Here, is the Stokes drag coefficient and is the random thermal Gaussian force with ⟨ ⟩ = 0 and ⟨ ( ) ( ′)⟩ = 2 ( − ′), where ( − ′) is the Dirac delta function. The experimental procedure of the real-time feedback control system for realization of the virtual harmonic potential can be achieved as follows. The FPGA board generates the initial tuning voltage that locates the trap center to the initial position ( (0) = 0 for simplicity). This tuning voltage is applied to the AOD via RF synthesizer driver resulting in an OT at the sample plane of the microscope. The PSD measures the position of an optically trapped 1 m diameter polystyrene particle. The voltage signal from the PSD is acquired to the FPGA, which computes the feedback force ( ) corresponding to the shift of by the amount given by Eq. (1). The updated tuning voltage is applied to the AOD, the trap center is shifted to ( ) in feedback updating time = 10 μs, and another measurement-feedback-cycle is repeated. Fig. 3(a) shows the trajectories of the particle diffusing in the virtual harmonic potential for 12 different values of , ranging from -0.77 (red) to 5.74 (purple) recorded at the constant stiffness of the OT, = 41 pN/μm. The negative (positive) value of means that stiffness of the virtual harmonic potential is smaller (greater) than the stiffness of the OT, and = 0 (green) corresponds to no feedback, i.e. = . Fig. 3(b) shows the probability distributions of the particle position in virtual harmonic potential obtained from six different particle trajectories (pointed by black arrows) in Fig. 3(a) . The solid curves are obtained by fitting the experimental data with the Boltzmann distribution whose variance is given by ⟨ 2 ⟩ = / eff , where eff is the effective stiffness of the virtual harmonic potential. The corresponding virtual harmonic potentials depicted in Fig. 3 (c) fit well (see solid curves) with the effective harmonic potential eff = 1/2 eff 2 . This shows that the virtual potentials generated by the OFT are well described with the mathematical harmonic potential.
Another quantity of interest is the measurement of , which can be obtained from the power spectrum analysis of the trajectories in Fig. 3(a) . The power spectrum density function ( ) of the feedback trap can be obtained from the Fourier transform of Eq. (2):
where = / is the diffusion coefficient, is the imaginary unit, and = /2 is the corner frequency. Note that for = 0, Eq. (3) reduces to the power spectrum density of the normal optical tweezers. The solid curves in Fig. 3(d) show the experimentally measured ( ) for six different values of (pointed by black arrows in Fig. 3(a) ). These measured data fit well with theoretical predictions (dashed curves) in Eq. (3), where = 1.1 × 10 −12 m 2 /s and = 1792 Hz obtained from the fitting of ( ) for = 0 were used. We obtained the feedback force delay time = 20 s for all , which corresponds to 2 . For −1 < ≤ 1.5, the ( ) follow the Lorentzian function. For > 1.5, ( ) deviates from the Lorentzian systematically until the particle overshoots the set point, leading to the damped oscillations, and a resonance in the power spectrum is observed for > 6. Even with the resonance peak, the corresponding Lorentzian spectra agree with our theoretical prediction.
To find the relation between the variance of position fluctuations and the feedback gain, we rewrite Eq. (2) regarding discrete position after the nth time step as 1 2 1 .
Here, is the delay time step of the feedback force and is the random Gaussian position fluctuations with mean 0 and with ⟨ ⟩ = 2 where is the Kronecker delta function. By squaring and averaging Eq. (4) [25] , we derived the following relation between the variance ⟨ 2 ⟩ and the virtual stiffness ,
where = / is the ratio of the updating time to the characteristic relaxation time = / for the particle in the OT. Fig. 3(e) and its inset show the plot of σ 2 and eff as a function of , respectively. The solid curve corresponding to Eq. (5) with =10 μs agrees well with the experimental data. We found that initially eff increases linearly with , later deviates from the linear behavior and becomes maximum at = 200 pN/ m. Accordingly, eff is equal to only in the linear region, which is ~2.3 times larger than for the current experimental conditions, providing an upper limit on for which the particle dynamics in virtual harmonic potential are close to the real harmonic potential. This observation agrees with the above presented power spectrum analysis. The linear region can be extended further by decreasing and [26] . 
The virtual double-well potential
Next, we show that our feedback control scheme can generate a virtual double-well potential. The mathematical form of the double-well potential is given by 
where ± is the position of the potential minima from the local maximum, is the barrier height separating two minima, and is the tilt amplitude of either well. The shift of the potential center corresponding to the feedback force = − ( ) is given by ( ) = 2 ( − ) − [ ( − )] 3 / 2 + . Fig. 4(a) shows the typical trajectories of the particle in the virtual symmetric double-well potential (A= 0) recorded for three different barrier heights / = 2 (red), 3 (green), and 4 (blue), respectively, with = 50 nm. The probability distributions of the particle trajectories depicted in Fig. 4(b) have two nearly symmetric peaks located at two potential minima of ±50 nm. The measured probability distributions fit well to the Boltzmann distribution ( ) ∝ exp(− ( )/ ) . Fig. 4(c) shows the plots of the corresponding virtual double-well potentials fitting well to Eq. (6) (for the fit values, see Table  1 ). We also measured the average dwell time of the particle in each well as shown in Table  1 . Our measured dwell time agrees well with the mean residence time predicted by the Kramers theory, = ( 2 )/(2√2 ) exp( / ) [27] . Fig. 4(d) shows the plot of the virtual asymmetric double-well potentials tilted to the right (red) and to the left (blue) obtained from the probability distribution shown in the inset. The solid curves fit to the experimental data using Eq. (6) with < 0 corresponding to the potential tilted to the right and vice versa. This means that the OFT can generate the mathematical double-well potential whose barrier height and well depths can be modulated in a controlled manner. 
Nonequilibrium fluctuations in time-varying harmonic potential
As an application of the OFT, we study the nonequilibrium fluctuations of a Brownian particle in virtual harmonic potential whose stiffness is varied in time as shown in Fig. 5(a) . Here, the virtual stiffness is varied linearly from the initial value to the final value during the driving time . Prior study controlled the trap stiffness by adjusting the laser intensity [28] . This may change the bath temperature due to laser heating, and hence the particle dynamics may be affected. In addition, it could not modulate the trap stiffness at the faster rate. In comparison to the previous study, we change the trap stiffness in the much wider range of the driving time without changing the laser intensity.
The work performed on the particle when is varied from to is given by [29] 
If is much larger than the characteristic relaxation time , the system is in the quasistatic state. Then, following the equipartition theorem, Eq. (7) can be written for > as
which is equal to the free energy difference / between the final and the initial states. For < , the system is out of equilibrium, and / is no longer a fixed quantity, but rather has a distribution. Fig. 5(b) shows the average work performed on the system obtained by changing the virtual stiffness linearly from = 10 pN/μm to = 40 pN/μm (vice versa) for 13 different ranging from 50 μs to 1 s during the forward (reverse) process. The error bar represents the standard deviation. We found that, for ≈ 10 ms and greater, the average forward work (red circles) and the reverse work (blue squares) approach to the limit of Δ / = ln 2 and − ln 2, respectively, set by Eq. (8). For < 10 ms, the average work deviates from the limit of Δ / which explains the irreversibility of the nonequilibrium process. Our result agrees with the thermodynamic second law for isothermal process, ⟨ ⟩ ≥ Δ . The solid curves are fit to |⟨ ⟩|/ = / + / where is a constant and / is equal to ln 2 at the given stiffness difference, which is a universal feature for the optimal driving scheme [30] . As a further check, we show that the above protocol of driving the system initially in thermal equilibrium to nonequilibrium state by changing the stiffness monotonically with time satisfies the Crooks fluctuation theorem [22] () exp ()
where ( ) and (− ) are the forward and the reverse probability distributions for , respectively. This equation explains the relation between the work performed on the system during the nonequilibrium process and the free energy difference. Fig. 5(c) shows the experimentally obtained work probability distribution during the forward ( , solid curves) and reverse (− , dashed curves) processes obtained for = 0.1 (red), 0.8 (green), and 50 ms (blue), respectively. The vertical gray dash line represents Δ / . The measured work distributions are strongly non-Gaussian in shape and are more skewed to the right of Δ / . For ≳ 10 ms, ( ) and (− ) nearly overlap; however, for shorter , ( ) is broader than (− ) , intersecting each other at Δ / . 9). We also determined the free energy differences Δ / for different by using Eq. (9), which shows the good agreement with Δ / for the quasistatic process shown as green triangles in Fig. 5(b) . The shortest updating time in previous study [28] was 1 ms (~1/10 of their quasistatic limit), which is 100 times larger than =10 s (1/1000 of quasistatic limit) in this study. Therefore, in comparison to the previous study which could test the validity of the Crooks fluctuation theorem only a little off the equilibrium state, current study demonstrated its validity in highly nonequilibrium regimes as well.
Conclusions
In conclusion, we developed a simple but effective technique based on the optical feedback force that can generate spatio-temporal potential with an arbitrary desired shape. We tested this technique by studying the dynamics of a Brownian particle in virtual harmonic potential whose stiffness can be modulated in a controlled manner by keeping the laser intensity constant, and confirmed that the dynamics of the particle in the virtual harmonic potential is very close to that of a genuine continuous potential. We also demonstrated the virtual double-well potential whose barrier height and well depths are controlled to the desired shape. The average dwell time of the particle in symmetric virtual double-well potential agrees with the Kramers' prediction. As an application of this technique, we tested the validity of Crooks fluctuation theorem by studying the nonequilibrium fluctuation dynamics of a particle in a harmonic potential whose stiffness is modulated with time ranging from near equilibrium process to highly nonequilibrium process.
Since the OFT can generate the time-varying potential of any desired shape by manipulating an optically trapped particle with a high precision position detection and ultrafast feedback control, it will be a powerful experimental tool to study various phenomena in the fields of nonequilibrium and information thermodynamics. For example, the OFT can study the thermodynamics of resetting in the nonharmonic potential that is difficult to create with other techniques [31] , and the realization of Feynman ratchet which requires a spatial series of continuous but asymmetric potentials to be systematically manipulated [32, 33] . Since the OFT can increase the effective stiffness of the harmonic potential, combining it with fluorescent microscopy will allow trapping of the submicron sized fluorescent particle at considerably lower laser power.
